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Abstract

A mathematical model for wire rolling is developed and compared against experiments, focusing on predicting the lateral
spread. This provides, for the first time, an analytic model of lateral spread without any fitting parameters. The model
is derived directly from the governing equations; in order to obtain a simple model, a rigid perfectly plastic material
is assumed and simplified with the assumption of small thickness and width compared to the length of the roll gap
(effectively a thin-wire large-roller assumption). The model is compared against experiments performed on stainless
steel wire using 100mm diameter rolls, and is shown to provide accurate predictions of lateral spread across a wide range
of wire diameters (2.96mm–7.96mm) and reduction ratios (20%–60%), all without the need for fitting parameters. The
model requires only seconds to compute and serves as a robust tool for validating FE results, guiding process design, and
laying the foundation for future improved models. Matlab code to evaluate the model is provided in the supplementary
material.
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1. Introduction

Applications including sawblades, springs, piston rings,
and transformers depend critically on flattened wires [1].
These wires are usually made by a flat rolling technique
where a wire with a circular cross-section is cold
rolled between cylindrical rolls — sometimes through
several passes — to achieve a particular width and
thickness(figure 1). Since the wire can both elongate and
widen, achieving a final product that closely matches the
desired specifications requires an understanding of how the
wire deforms, making it essential to predict the lateral
spread accurately.

In cold rolling of a sheet, deformation in the lateral
direction often remains within the elastic range due to the
product’s geometry. However, this is not the case when
an initial width-to-thickness ratio (W0/2h0) is less than
6, such as in wide strip or plate, or as low as 1 in round
wire [3]. In such cases, the plastic flow in the roll gap at the
start of rolling schedule is inherently three-dimensional,
complicating the analysis. For round wire, this complexity
is further increased by the transformation of a round cross-
section into a rectangular shape with bulged edges during
the first pass.

Although research exists on the modelling of lateral
spread in thick plate rolling [e.g. 3–7], wire flat rolling
has received less attention. Kazeminezhad and Karimi
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Figure 1: A diagram of wire flat rolling process; the wire initially has
a circular cross-section with diameter d0 and is flattened to a barrel
shape cross section with the lateral spread Wt and the contact width
Wc. Adapted from Figure 1 of Carlsson [2].

Taheri published a series of papers studying different
parameters in wire rolling [8–10]. Initially, Kazeminezhad
and Karimi Taheri [8] developed a relationship for the
width of the contact area between the rolls and the
wire. Their equation was based on experimental and FE
observations of the formation of X-shaped shear bands in
the wire cross-section during the rolling process [11, 12],
along with the assumption that as the height reduction
increases, the shear bands rotate while maintaining a
constant length. This equation was then applied alongside
the slab method [9], leading to a pressure hill distribution.
The study employs the Tresca yield criterion, assuming
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the longitudinal stress σxx to be the minimum stress,
the vertical stress σyy to be the maximum stress, and
the compressive stress in the lateral direction, σzz, to
lie between them. Although σzz is implicitly included
in the yield function, and therefore in calculating the
roll pressure, the value of σzz is unknown and must be
approximated to find the lateral spread. Kazeminezhad
and Karimi Taheri [8] initially assumed σzz to take a value
between plane strain and plane stress, written as mσyy,
where m is a fitting parameter taking values between 0
and 0.5. Using flow rule equations and setting σxx to be
zero at the end of the roll gap, they then wrote

dεzz
−dεyy

=
ln Wt

d0

ln d0

2h1

=
1− 2m

2−m
, (1)

where 2h1 is the final height, d0 is the initial diameter
of the wire, and Wt is the lateral spread of the wire. The
first use of this formulation has been attributed to Hill [13]
for plate rolling and has also been derived by several
other authors [e.g. 3, 14], who experimentally observed
a linear relationship between ln(Wt/W0) and ln(h0/h1).
The factor m and another factor of linearity must then
be found empirically from experiments, with a proviso
that each resulting equation only gives reasonable lateral
spread prediction within the ranges of conditions for which
they were empirically determined [3]. For example, for low
and high carbon steel Kazeminezhad and Karimi Taheri [8]
wrote equation (1) as

Wt

d0
= 1.02

(
d0
2h1

)0.45

. (2)

Among a wide range of empirical formulations
suggested for predicting lateral spread [3], the one
proposed by Kobayashi [15] is often referred to as being
reliable for round wire [1, 10, 16]. Utsunomiya et al. [1]
and Vallellano et al. [16] attribute the following equation
to Kobayashi [15], and we will refer to it here by this name:

Wt

d0
= 0.7854

d0
2h1

(
1− 15.8

(
1− 2h1

d0

)2.25(
2R

d0

)−0.82
)

+ 0.1426

(
2h1

d0

)
, (3)

where R is the roll radius. However, similar to other
empirical equations, this equation will be shown to
lose accuracy away form the parameters it was initially
developed to model.

Similar to other metal-forming processes, finite element
(FE) analysis has provided valuable insights into wire
rolling. Vallellano et al. [16] performed a 3D numerical
analysis using the Abaqus finite element software to
study contact stress distributions, residual stresses, and
lateral spread. While 3D FE analysis offers highly detailed
information, it is computationally expensive and requires
validation against a reliable reference. Whether the

objective is process design or FE validation, a review of the
literature further reveals a notable gap in the availability
of models with well-defined, traceable assumptions for the
rolling of round wire.

Using similar techniques to the asymptotic mathemat-
ical modelling of sheet rolling [17], here an asymptotic
mathematical model is developed with the assumption of
a small friction coefficient and large length-to-thickness
ratio, consistent with the slab method of Kazeminezhad
and Karimi Taheri [9]. The further assumption of
comparably small width is made, which simplifies the
problem to plane-stress, allowing for finding the lateral
spread without the need for fitting parameters or solving
a problem in a complicated 3D stress state. Even so,
the derivation of equations in all directions and the use
of asymptotic analysis provide a foundation for further
improvements to the model in the future, unlike the slab
method, which remains inherently limited.

The mathematical model is explained in Section 2. The
non-dimensionalised governing equations in all directions
are derived in Section 2.1 for a rigid perfectly plastic
material, exploiting small parameters of the ratio of
half-thickness and width to length of roll gap and the
friction coefficient. These assumptions reduce the general
deformation state to plane-stress deformation at the
leading order, which is solved in Section 2.2. Section 2.3
summarises the solutions and outlines the computational
methods used to evaluate them. The experimental
procedure for obtaining data is detailed in Section 3, which
is used to validate the lateral spread predictions of the
model in Section 4.1, alongside FE data from Vallellano
et al. [16]. Similarly, the roll pressure predictions are
validated against FE data from Vallellano et al. [16] and
presented in Section 4.2. Finally, a discussion on potential
directions for future research is provided in Section 5.

2. Mathematical model

A schematic diagram of the model is shown in figure 2.
In the first pass of rolling, the round wire undergoes
deformation, resulting in a barrel-like cross-section. With
the goal of the simplest possible model a set of assumptions
is made to evade the complexity arising from round
cross-section at the entrance and barrel-like cross-section
afterwards. Firstly, instead of accounting for the circular
cross-section at the entrance, it is assumed that at some
point after entry, the initially circular cross-section has
transformed into a rectangular shape while preserving its
area. This stage is chosen as the beginning of the roll gap
in the model and is marked A, in figure 2. Therefore, we
may write

4ĥ2
A =

π

4
d̂0

2 ⇒ 2ĥA =

√
π

2
d̂0, (4)

where ĥA is the half thickness of the wire corresponding
to location A. As the quantities will later be non-
dimensionalised, and to clearly distinguish between
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Figure 2: A diagram of the model; the region of interest extends from point A to the roll gap exit. At A, the cross-section is approximated
as a square with the same area as the initial round wire, transitioning into a rectangular approximation during rolling with the same area as
the real bulged cross section.

dimensional and non-dimensional parameters, we adopt
the convention that, for the remainder of the paper,
variables with hats denote dimensional quantities,
while unhatted variables represent their dimensionless
counterparts. Secondly, as the rolling progresses, a square
cross-section is assumed to progressively flatten into a
rectangular shape, the area of which is assumed to be
the same as the area of the real cross-section with bulged
edges (see figure 2). Thirdly, the bulged edges are
approximated as a half-circle, implying that the bulged
radius is taken as half the thickness. This allows the model
with a rectangular cross-section to be correlated to the real
process. As will be shown later, this set of assumptions
allows for accurate lateral spread prediction.

In the following, the governing equations are written
for rigid perfectly plastic material rolled with rigid rolls
while Coulomb friction is imposed between the rolls and
material with a constant friction coefficient.

2.1. Scaling and non-dimensionalising the equations

The exploitation of small dimensionless parameters is
an important part of the analysis here. We therefore
rescale the variables in terms of relevant dimensional
scales. The horizontal distance is scaled with the
characteristic roll-gap length, ℓ̂, such that x̂ = ℓ̂x, and
the vertical distance with the initial sheet half-thickness,
ĥA, so that ŷ = ĥAy. For circular rolls of radius R̂, the
roll-gap length ℓ̂ is equal to

ℓ̂ =

√
2R̂(ĥA − ĥ1)− (ĥA − ĥ1)2, (5)

where ℓ̂ is measured from the point A, as shown in figure 2.
Similar to the slab method, small values of the friction

coefficient and the aspect ratio δ = ĥA/ℓ̂ are of interest.

The latter can be justified by the practical application of
small wire diameters (less than a centimetre) and large
reductions. For instance, applying a 100 mm roll diameter
to an 8 mm wire diameter with a reduction of 30% results
in an aspect ratio of δ = 0.37, and a larger reduction or a
smaller wire diameter would further decreases this value.
We also assume that the width, b̂(x̂), is of the same order
of magnitude as the thickness. This is clearly true for the
initially cylindrical wire, and becomes less true the wider
the wire becomes during rolling. We therefore scale the
lateral distance ẑ with the initial sheet half-thickness, ĥA,
so that ẑ = ĥAz. In this way, with the assumption of the
rectangular cross-section without considering barreling, z
varies between −b(x) and b(x) where b(x) = b̂(x̂)/ĥA.

The velocity (û, v̂, ŵ), is scaled with the a priori
unknown wire velocity at point A, denoted ÛA, and
with factors of δ to balance incompressibility, giving
(û, v̂, ŵ) = (R̂ÛAu, δR̂ÛAv, δR̂ÛAw). The actual
dimensional sheet velocity ÛA may be inferred a posteriori,
as the dimensionless surface velocity at the neutral point
must correspond to the dimensional roll surface velocity
velocity.

Hydrostatic pressure, p̂, and the normal Cauchy
stresses, σ̂xx and σ̂yy, and their deviatoric components,
ŝxx and ŝyy, are all scaled with the shear yield stress, κ̂.
The assumption of a small friction coefficient is encoded
by setting µ = δβ, where β is a quantity of approximate
unit magnitude. Similarly, the shear stress, σ̂xy is scaled
with δκ̂ resulting from small friction. To determine the
order of magnitude of stress components in the z-direction
the boundary condition is analysed. The lateral edges of
the wire must be tension-free so that the material can
move in this direction (z-direction). This condition may
be written as σ · s = 0, where s is the unit vector normal
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to the wire lateral edges. For a rectangular cross section,
s = (−δdb/dx, 0, 1). Therefore, at z = b(x), we get

δ
db

dx
σxx = σ̂xz/κ̂, (6a)

δ2
db

dx
σxy = σ̂yz/κ̂, (6b)

δ
db

dx
σ̂xz/κ̂ = σ̂zz/κ̂, (6c)

where db/dx, σxx, and σxy are written in their known
dimensionless forms, and σ̂zz, σ̂xz, and σ̂yz, whose orders
of magnitude are thus far unknown, are written in
dimensional form. The set of equations 6 implies that σ̂xz

is O(δ) and the normal stress in the lateral direction, σ̂zz

and the shear stress component σ̂yz are O(δ2). Although
this holds at the lateral edges, we assume these orders
of magnitude apply throughout the modelling region.
Consequently, σ̂zz and σ̂yz are scaled with δ2κ̂, while σ̂xz

is scaled with δκ̂. As will be shown later, this approach
leads to the simplest yet consistent solution, where the
horizontal velocity and normal stresses depend only on
x. To complete the non-dimensionalisation, the plastic
parameter, λ̂, is scaled with ÛA/κ̂ℓ̂.

Under the scaling introduced, the dimensionless form
of force balance in each direction is

∂σxx

∂x
+

∂σxy

∂y
+

∂σxz

∂z
= 0, (7a)

δ2
∂σxy

∂x
+

∂σyy

∂y
+ δ2

∂σyz

∂z
= 0, (7b)

∂σxz

∂x
+

∂σyz

∂y
+

∂σzz

∂z
= 0. (7c)

The dimensionless forms of the incompressibility and
flow rule relations are

∂u

∂x
+

∂w

∂z
+

∂v

∂y
= 0, (8a)

∂u

∂x
= λsxx, (8b)

∂v

∂y
= λsyy, (8c)

∂w

∂z
= λszz, (8d)

∂u

∂y
+ δ2

∂v

∂x
= δ2

1

2
λσxy, (8e)

∂u

∂z
+ δ2

∂w

∂x
= δ2

1

2
λσxz, (8f)

∂v

∂z
+

∂w

∂y
= δ2

1

2
λσyz. (8g)

where the deviatoric stresses sij is defined as

σij = sij − pδij and −p =
1

3
(σxx + σyy + δ2σzz). (9)

From (9) it can be seen that to get a non-zero pressure
at leading order, szz is also required to be the order of
magnitude of κ̂.

With the scaling introduced, the von Mises yield
criterion will be

(σxx − σyy)
2 + (σxx − δ2σzz)

2 + (σyy − δ2σzz)
2

+ 6δ2σ2
xy + 6δ2σ2

xz + 6δ4σ2
yz = 6. (10)

The Coulomb friction condition on the roll surface y =
h(x) is t · σ · n = ∓µn · σ · n, where µ = δβ is the coeffi-

cient of friction, n = (−δdh/dx, 1, 0)/

√
1 + δ2

(
dh/dx

)2
is the unit normal to the roll surface and t =

(1, δdh/dx, 0)/

√
1 + δ2

(
dh/dx

)2
is the unit tangent in the

rolling direction. This may be expressed as

δ
dh

dx

(
σyy − σxx

)
+

(
1− δ2

(
dh

dx

)2)
σxy

= ∓δβ

(
σyy − 2δ

dh

dx
σxy + δ2

(
dh

dx

)2
σxx

)
. (11)

Throughout this work, the convention is adopted that the
negative sign in ∓ corresponds to the region before the
neutral point (x̂ < x̂N), while the positive sign applies to
the region after the neutral point (x̂ > x̂N).

Assuming dimensional tensions F̂A/out are applied at
location A and at the exit, the horizontal stress must
satisfy

F̂A/out

4κ̂ĥ
2

A

=

∫ bA/out

−bA/out

∫ hA/out

−hA/out

σxx dydz, (12)

where hout and bout are half of the final thickness and width
respectively. Vertical symmetry requires the boundary
conditions

σxy(x, 0, z) = 0 and v(x, 0, z) = 0. (13)

The no-flux constraints on the roll surface y = h(x), and
on the wire edge z = b(x), lead respectively to

v = δ
dh

dx
u, w = δ

db

dx
u. (14)

Finally, Integrating the mass conservation law in (8a) from
y = −h(x) to y = h(x) and z = −b(x) to z = b(x) yields∫ b(z)

−b(z)

∫ h(z)

−h(z)

u dydz = 4. (15)

2.2. Leading-order asymptotic solution

We now proceed by expanding all variables in an

asymptotic series in δ, so that, for example, σxx = σ
(0)
xx +

δσ
(1)
xx + δ2σ

(2)
xx + · · · , and collecting like terms. While this

formalism could be used to compute the solution to an
arbitrary order of accuracy (for example, Erfanian et al.

[17] consider up to the second order terms σ
(2)
xx for sheet

rolling), here we will only consider the leading order terms.
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We therefore neglect all terms of O(δ) or higher to derive
the leading-order equations. Substituting the hydrostatic
pressure (9) into the yield function (10) at leading order
gives(
σ(0)
xx − (−3p(0) − σ(0)

xx )
)2

+
(
σ(0)
xx

)2
+
(
3p(0) + σ(0)

xx

)2
= 6

(16a)

⇒ σ(0)
xx = −3p(0)

2
+

√
4− 3p(0)

2

2
, (16b)

σ(0)
yy = −3p(0)

2
−
√
4− 3p(0)

2

2
. (16c)

The force balance in the y direction (7b), at leading
order is reduced to

∂σ
(0)
yy

∂y
= 0. (17)

Using this condition alongside the stress solutions (16)

implies that σ
(0)
yy and therefore p(0) and σ

(0)
xx are vertically

homogeneous which is the same as the slab method’s
assumption. We now show that these components are
independent of z, as well, and only change along the rolling
direction, x. From (8e) and (8f), u(0) is independent of y
and z, which, together with the continuity equation (8a)
and (8g), imply that v(0) is linear in y and w(0) is linear
in z. Now the set of equations (8b)–(8d), where their left-
hand sides are only functions of x while the stresses are
functions of p(0) (equation (16)) shows that in order for
a single value for λ(0) satisfies them all, p(0) must be a
function of x only.

The force equilibrium in the x direction (7a) now can
be integrated over z and y to give

h(x)b(x)σ(0)
xx (x)+b(x)σ(0)

xy (x, h(x))+h(x)σ(0)
xz (x, b(x)) = 0,

(18)

where σ
(0)
xy (x, h(x)) and σ

(0)
xy (x, b(x)) can be found from the

boundary conditions (11) and (6a), respectively. Therefore

hb
dσ

(0)
xx

dx
+ σ(0)

xx

(
b
dh

dx
+ h

db

dx

)
+ b

(
−dh

dx
∓ β

)
σ(0)
yy = 0.

(19)
This is the same equation as was derived using the
slab method by Kazeminezhad and Karimi Taheri [9],

although our formulae for σ
(0)
xx and σ

(0)
yy here are different.

Equation (19) provides an ordinary differential equation
(ODE) in terms of p(0) and b(x), when combined with
stress solutions (16).

Another ODE results from the velocity equations.
Equations (8e) and (8f) at leading order show that u(0)

has no y or z dependence and so is only a function of x.
The average mass balance (15) then requires that

u(0)(x) =
1

b(x)h(x)
. (20)

From flow rules (8b)–(8d), λ(0) is a function of x.
Therefore, from the tension flow rule in the y direction (8c)

along with the symmetry condition (13), the vertical
velocity is found as

v(0) = yλ(0)s(0)yy . (21)

Solutions (20) and (21), along with the no-penetration
surface condition (14), results in

λ(0) =
dh/dx

bh2s
(0)
yy

, (22)

which holds not only on the surface but throughout the
entire thickness, given that λ(0) is only a function of x.
Similarly, from the tension flow rule in the z direction (8d)
coupled with no-flow normal to the edges condition (14),

λ(0) =
db/dx

b2hp(0)
. (23)

Matching (22) and (23) gives an ODE for b(x) as

db

dx
=

b

h

dh

dx

p(0)

s
(0)
yy

. (24)

By solving equations (24) together with (19), b(x) and p(0)

are solved. However, in equation (19) the dependency on
b(x) can be removed to simplify further; an alternative
ODE for b(x) may be found by replacing u(0) from (20)
and λ(0) from (23) into (8b), as

b
dh

dx
+ h

db

dx
= −h

db

dx

s
(0)
xx

p(0)
. (25)

Replacing expression (25) into (19) and further simplifying
the resultant using (24) gives

dσ
(0)
xx

dx
−

(
dh/dx

h

s
(0)
xx

s
(0)
yy

)
σ(0)
xx +

1

h

(
−dh

dx
∓ β

)
σ(0)
yy = 0,

(26)
which is an ODE for the stresses without depending on
the width. From (12), the boundary conditions at leading
order at point A and the roll-gap exit are

4σ(0)
xx (x = A) = FA and 4bhσ(0)

xx

∣∣∣
x=1

= Fout. (27)

With this, equation (26) can be solved from point A
forward with −ve sign and from the exit backwards with +
sign. It is interesting to note from equations (24) and (19)
that b(x), and consequently the width of contact, Wc, and
the lateral spread of the wire, Wt, depend only on the
initial diameter of the wire, reduction ratio, roll radius,
and friction coefficient, and not on the roll speed on the
material type (e.g. the yield stress κ̂). The influence of
roll speed and material type would become apparent if
hardening were incorporated into the analysis, although
they likely remain negligible in comparison.
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2.3. Summary and numerical evaluation

In this section, a simple numerical procedure for
performing the calculations is detailed.

Equation (26) can be written in terms of p(0) by using

dσ
(0)
xx

dx
=

dσ
(0)
xx

dp(0)
dp(0)

dx
, (28)

and replacing stress components from (16) and (9). As
described by equation (27), the force at point A is
necessary for solving the ODE (26). However, it is assumed
that force (and as a result pressure) at point A is the
same as that at the roll-gap entrance. This assumption
will be justified in the following section using FE data,
which shows a pressure drop following the large peak at
the entrance. The exit point in the model is the same as
the roll-gap exit, therefore, Fout determines the pressure

at the exit. If there is no exit tension, then σ
(0)
xx becomes

zero at the exit. Otherwise, the value of σ
(0)
xx at the exit

depends on the final width. In such a case, b at the exit
must be estimated and iteratively refined to align with the
width determined from (24) or (25).

The solution for p(0) is chosen to satisfy the forward
and backward tension conditions, which are taken to be
zero for the results presented below. Therefore, p(0)

is solved by integrating equation (26) forward from the
entrance with positive sign of friction, and integrating
equation (26) backwards from the exit with positive sign of
friction, using the Matlab ODE solver ode45 [18]. This is
the same solution as the slab method, and the two curves
thus produced are referred to as the pressure hill, and the
intersection determines the location of the neutral point.

After solving for stresses, b(x) and consequently the
lateral spread, Wt, is determined by integrating either
equation (24) or (25) from point A to the exit. The
integration is performed using the Matlab ODE solver
ode45, with the initial condition b(x = A) = 1, which
is consistent with the chosen non-dimensionalisation. As
detailed in the introduction, the area of the rectangular
cross-section is assumed to be equal to that of the actual
wire in the roll gap. As a result, the lateral spread is
determined by equating the cross-sectional area of the real
shape to that of the rectangle. Therefore

2Ŵcĥ+ πĥ2 = 4b̂ĥ ⇒ Ŵc = 2b̂− πĥ

2
, (29)

where Ŵc is the width in contact with the roll, and the
bulged edges are assumed to form a half-circle. With this,
the lateral spread, Ŵt, is found as

Ŵt = Ŵc + 2ĥ (30)

The total computation time varies depending on the
tension at the exit, and is at most in the order of seconds
on a standard laptop. For zero tension, solving stresses
and lateral spread take less than a second.

3. Experimental Methodology

Experimental verification was carried out using a Hille
25 rolling mill using D2 tool steel rollers with a roll
diameter of 100mm. The mill operates at a typical speed
of 60 rpm. Stainless steel 316 rods of initial diameters 2.96,
3.96, 5.96 and 7.96mm were rolled without lubrication at
room temperature to reductions of 30–60% in a single pass.
The initial and final lengths, thicknesses and widths were
all measured using a Mitutoyo 293-240-30 micrometer.

4. Results and discussion

4.1. Lateral spread

The lateral spread prediction, Ŵt, for both cases,
is plotted in Figure 3 for various diameters and
reduction ratios with 50 mm roll radius. The results
are compared with experimental data, Kobayashi’s
empirical equation (3), and empirical equation (2) due
to Kazeminezhad and Karimi Taheri [8]. The latter
equation is particularly relevant because the parameters
in (2) were fitted for stainless steel. In the current
model, predictions depend on the friction coefficient,
which is challenging to determine experimentally. The
experimental data were obtained under non-lubricated
test conditions, and a friction coefficient of µ = 0.25
has been shown to provide the best agreement with
experimental data. Consequently, this value is used for
results in Figure 3. The current model fails at larger
reductions for d̂0 = 2.96 mm and d̂0 = 3.96 mm, as
indicated by the unfinished lines, due to a singularity in
pressure (see equation 16); interestingly, the experiments
also encountered difficulties achieving comparable larger
reductions during single-pass rolling in these cases, and
so experimental data in these cases is also lacking.
Where data is available, the model agrees closely with
the experimental data for all diameters and reduction
ratios. Kazeminezhad Equation (2) depends only on
the reduction ratio. While it performs well for smaller
reduction ratios, it deviates for larger values, with the
deviation appearing to depend on wire diameter (e.g.,

underestimates for d̂0 = 5.96 mm and overestimates
for d̂0 = 7.96 mm). Kobayashi’s equation depends on
roll radius and wire diameter as well as the reduction
ratio and seems to be derived for small wire diameter
conditions. It underestimates the lateral spread across all
wire diameters, particularly at higher reduction ratios, and
is the least reliable for predicting the set of experimental
data presented in Figure 3.

Some studies suggest that the friction coefficient has a
negligible effect on lateral spread [2, 10], attributing this
to the movement of lubricant toward the roll edges, driven
by the extremely high contact pressure at the entry point.
Similarly, the empirical equations (2) and (3) exhibit no
dependence on friction. To examine the impact of friction,
the ratio of lateral spread to the initial wire diameter is
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8

9

10

11

12

13

L
at
er
al

sp
re
ad

(m
m
)

d̂0 = 7:96mm

EXP Kazeminezhad Kobayashi Current model

Figure 3: Lateral spread for stainless steel wires with different diameters, d̂0, and reduction ratios, d̂0/(2ĥ1) from different methods;
experimental data, empirical equation 2 from Kazeminezhad and Karimi Taheri [8], empirical equation from Kobayashi (3), and the current

model. Other parameters used are (R̂, µ) = (50mm, 0.25).

plotted in Figure 4 for two different friction coefficients.
In the absence of experimental data under the lubricated
condition, the FE results from Vallellano et al. [16] are
utilised. The data reported in [16] corresponds to a
wire with a 5 mm diameter, rolled using 75 mm radius
rolls, with no applied forward or backward tension. The
yield stress, Ŷ , is assumed to be constant and equal to
385 MPa the same as the average value in FE simulations.
The Tresca friction law, τ̂ = mκ̂ with the coefficient
of m = 0.25 is used to generate FE results in [16].
Generally, the relationship µ < m/

√
3 is used essentially

for a simple elastoplastic model [19], where the upper limit,
µ = 0.14, is used to transfer m into the Coulomb friction
coefficient, µ. The data represented by the black line with
circles corresponds to the experimental measurements for
d̂0 = 5.96 mm without lubrication (µ = 0.25), while the

counterpart for d̂0 = 5 mm is derived from FE simulations
using m = 0.25 (approximated by µ = 0.14). To minimise
the influence of different wire diameters in this comparison,
wires with relatively similar diameters were selected, and
the results were scaled by the initial diameter.

The comparison in Figure 4 indicates that friction

does influence lateral spread, particularly at higher
reductions. Greater friction appears to increase lateral
spread. This can be explained by the increased constraint
in the longitudinal direction. Although friction acts
in both the lateral and rolling directions, the lateral
contact length is smaller than the longitudinal contact
length. As a result, friction primarily acts as a
resistance in the rolling direction. This effect is accurately
captured by the current model. For this wire diameter,
Kazeminezhad’s equation correctly predicts lateral spread
for larger friction coefficients but tends to overestimate the
results for lower friction values. Conversely, Kobayashi’s
equation demonstrates better agreement under low-
friction conditions compared to high friction, although
different roll and wire diameters might also influence this.

4.2. Roll pressure

The roll pressure σ
(0)
yy is found from (16) and plotted

with respect to the contact angle, ϕ in Figure 5 for
different reduction ratios. Results are compared with FE
simulations from Vallellano et al. [16], the slab model
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Figure 4: Effect of friction coefficient on lateral spread. Results are plotted from different methods; experimental data, FE simulations [16],
empirical equation 2 from Kazeminezhad and Karimi Taheri [8], empirical equation from Kobayashi (3), and the current model.

from Kazeminezhad and Karimi Taheri [9] and the plane-
strain slab model for the rolling of thin sheet in Erfanian
et al. [17]. The same parameters as those used in Vallellano
et al. [16] and described in the previous section are applied.
The results for plane stress and plane strain are calculated
from point A in Figure 2.

FE results for all reductions can be seen to have
two distinct regions; a massive rise between the entrance
and point A and a shallow rise from point A to the
exit. This trend can be explained better when looking
alongside Figure 6 which schematically shows how the
wire looks as seen from the side and above while rolling.
The wire enters between rolls from the right-hand side
with a circular cross-section and exits from the left with
an almost rectangle cross-section, therefore, the contact
surface forms rather like half of an ellipse. As explained
by Carlsson [2] when the material starts to deform,
surrounding parts of the wire are still in the elastic range
and will therefore resist deformation. The situation may
be compared to that of an indentation. As a result,
a normal pressure will build up, resulting in a sharp
rise in contact pressure soon after the entrance. As
deformation continues, larger parts of the wire deform,
reducing resistance from the remaining elastic regions,
which in turn results in a pressure drop until point A.
At this point, the material begins to flow laterally, and a
typical friction hill develops, with a pressure peak forming
between this point and the roll exit [2].

From the results, it can be seen that the current model
correctly predicts the location of point A by assuming
that the area of the cross-section at this point is the
same as that of the wire before rolling. Both the current
plane-stress model and Kazeminezhad and Karimi Taheri
[9] correctly predict the roll pressure at point A, for
larger reductions. From point A to the roll exit, the
FE results lie between the plane-strain and plane-stress
predictions, reflecting the presence of 3D material flow

within the roll gap. Consequently, the results presented
by Kazeminezhad and Karimi Taheri [9] show better
agreement with the FE data. Another notable difference
between the FE results and the perfect plastic models in
Figure 5 is that the roll pressure starts at zero at the
entrance and returns to zero at the exit. This behaviour
arises from the inclusion of elasticity in the FE simulations,
which is absent in the perfect plastic models.

5. Conclusion

This work develops a mathematical framework for wire
rolling, emphasising the accurate prediction of lateral
spread. The modeling of a rectangular cross-section is
correlated to the real process by focusing on the region
of the roll gap where lateral flow begins and assuming
that, beyond this point, the cross-section in the real
process can be approximated by a rectangular shape
in the model with a matching area. Also, a general
state of deformation is simplified to the plane-stress
deformation with the assumption of a small width with
respect to the length. The set of assumptions made
leads to the simplest possible first-principles model, which
is shown to successfully predict lateral spread across a
range of wire diameters, reduction ratios, and different
friction coefficients. Importantly, this model achieves
accurate predictions without requiring empirical fitting
parameters or assuming additional factors. This holds true
even though the assumption of plane-stress deformation
is not strictly satisfied; comparison of roll pressure
predictions with FE results suggests that the actual
pressure distribution falls between that of plane-stress and
plane-strain deformation. A possible explanation for this
lies in the importance of the stress ratio, szz/syy, rather
than the absolute stress values, in predicting the lateral
spread; while the model may underestimate individual
stresses, it appears to capture the correct ratio, leading
to accurate predictions of lateral spread.
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Figure 5: Roll pressure from different methods; plane-strain slab method [17], current plane-stress method, and FE simulations [16] and
Kazeminezhad and Karimi Taheri [9] slab method. Plotted for different reduction ratios against contact angle ϕ. Other parameters used are

(κ̂, d̂0, R̂, µ) = (385/
√
3MPa, 5mm, 75mm, 0.14).

Figure 6: A diagram of the deforming wire, seen from above (top figure) and from side (bottom figure). For symbols, refer to the main text.
Adapted from Figure 3 of Carlsson [2].
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Nonetheless, having formulated stress and strain
equations in all directions lays the foundation for a more
general model. 3D numerical studies conducted using
Abaqus software by Carlsson [2] and Vallellano et al.
[16] show that the contact pressure distribution is more
complex than the traditional pressure hill profile. Relaxing
the assumption of a small rate of change in width in the
current model would allow the problem to be modelled
under a general stress state. Also, solving the higher
order terms would enable accounting for the curvature
of the edges. Additionally, further studies are required
to explore potential correlations between the challenges
faced in experiments when achieving certain reductions in
a single pass and the pressure singularity predicted by the
current model.
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